The class of three-dimensional (3D) nonradiating sources to the inhomogeneous Helmholtz equation is generalized to include nonradiating surface sources that are localized on closed or infinite surfaces ⌺ and that generate no radiation throughout one of the two space regions whose common boundary is ⌺. The class of nonradiating surface sources is shown to be identical to the class of so-called secondary surface sources that are generated from boundary values of a field radiated by a 3D source. In particular, it is proven that any secondary surface source radiating into the interior (exterior) of ⌺ is a nonradiating surface source relative to the exterior (interior) of ⌺, and vice versa. Examples of nonradiating surface sources are included, and a discussion is given of possible applications of such sources.
INTRODUCTION
Finite-volume (compactly supported) three-dimensional (3D) sources to the scalar or vector Helmholtz equations that generate fields that vanish identically outside their support volume are known as nonradiating sources. 1, 2 The theory and the properties of such sources have been extensively studied over the past few decades, primarily in connection with inverse-source and inverse-scattering problems, [3] [4] [5] and a thorough and well-written, up-to-date account of the theory of these sources is presented in Ref. 6 . The total extinction of the radiated field outside the support volume of a nonradiating source can be traced to the process of destructive interference, whereby the source amplitudes at different space points generate field components in such a manner that the total (coherent) sum of these field components vanishes outside the source volume. For this to occur the source has to be specially structured and must have enough degrees of freedom to allow for this cancellation to occur throughout all space external to the source volume. For this reason it has generally been assumed that only 3D nonradiating sources can exist, since surface sources, which vanish off some surface ⌺, are defined by only 2 degrees of freedom (position on the surface) and would not have sufficient degrees of freedom to provide the required field cancellation in 3D space.
The notion that only 3D nonradiating sources are possible was reenforced by a paper of Friberg, 7 who investigated the question of whether it is possible to have a nonradiating infinite planar source to the scalar wave Helmholtz equation. In that paper the angular spectrum expansion of the outgoing wave solution to the boundaryvalue problem in a half-space (sometimes referred to as the Rayleigh-Sommerfeld problem 8, 9 ) was employed to show that the field radiated by a compactly supported planar source would vanish everywhere in the half-space only if the planar source itself vanished. Taken together, the ''degrees-of-freedom argument'' presented above and the Friberg paper appear to provide strong support for the contention that nontrivial nonradiating surface sources do not exist, and this author has not been able to find any further research into this topic since the publication of Ref. 7 .
In this paper I reexamine the question of the existence of nonradiating surface sources and show that such sources do actually exist and arise naturally as a consequence of the so-called extinction theorem 8 that must be satisfied by the solution of the boundary-value problem for the Helmholtz equation. Indeed, an equivalence theorem is established that states that any solution of the extinction theorem in a given spatial region having boundary ⌺ is a nonradiating surface source within that region, and vice versa. The degrees-of-freedom argument presented above is shown to be flawed, and the Friberg paper is shown to be incomplete in that he considered only a limited class of surface sources (secondary sources) in his study. Section 5 is devoted to a study of the special cases of nonradiating sources on spherical and planar surfaces. In this section the theoretical developments presented in the paper are illustrated, and the apparent contradiction between Friberg's conclusions and those presented here is clearly resolved.
RADIATING SOURCES AND THE KIRCHHOFF-HELMHOLTZ THEOREM
A. Radiation from Three-Dimensional Sources Let us consider a 3D source Q(r) isolated in free space that radiates a field according to the inhomogeneous Helmholtz equation
The radiated field is identified as being that particular solution of Eq. (1) that satisfies the Sommerfeld radiation condition 10, 11 and can be expressed in the form
where
is the infinite-space outgoing wave Green's function of the Helmholtz equation and R ϭ ͉R͉ ϭ ͉r Ϫ rЈ͉. This quantity satisfies the inhomogeneous Helmholtz equation
as well as the Sommerfeld radiation condition. Now imagine that a boundary surface ⌺ divides space into the two simply connected regions V and its complement V Ќ and that the source Q(r) is located entirely in V Ќ . I illustrate the geometry in Fig. 1 , where I have arbitrarily taken the source region V Ќ ϭ ext ⌺ to be the exterior of the finite boundary surface ⌺ and the source-free region V ϭ int ⌺ to be the interior of this surface. More generally, the source can, instead, be contained within the interior region; i.e., V Ќ ϭ int ⌺, or the surface ⌺ can be infinite, so that V and V Ќ are infinite half-spaces. The following development is general and applies equally to all of these cases.
The field radiated by the source (located in V Ќ ) must satisfy the homogeneous Helmholtz equation
throughout the source-free region V. By applying standard Green's-function techniques, one can obtain the socalled Kirchhoff-Helmholtz theorem 11 :
where ‫‪n‬ץ/ץ‬ 0 denotes the normal derivative to ⌺ directed outward from the source-free region V to the source region V Ќ and where we have invoked the Sommerfeld radiation condition in the case where the source-free region is the exterior V ϭ ext ⌺ of the boundary surface ⌺ or in cases where the boundary surface is infinite.
The top equality in Eq. (5) is a representation of the field in V radiated by the physical source Q located in V Ќ , while the bottom equality, sometimes referred to as the extinction theorem, 8 is an integral equation that must be satisfied by the boundary value of the field and its normal derivative on ⌺. The extinction theorem constrains the field and its normal derivative over ⌺ and, in particular, implies that these two quantities are not independent and that one completely determines the other. Because of this the field within V can be expressed entirely in terms of either the field (Dirichlet conditions) or its normal derivative (Neumann conditions) over ⌺. However, these field representations require the use of special Green's functions and not the infinite-space Green's function G ϩ defined above and employed in the Kirchhoff-Helmholtz theorem. These special Green's functions are required to satisfy homogeneous Dirichlet or Neumann boundary conditions on ⌺ and, with the exception of special (socalled separable) boundary geometries, cannot be analytically computed, 12 so that the Kirchhoff-Helmholtz representation is often employed in theoretical discussions and practical applications. 3, 13 B. Surface Sources As mentioned above, the top equality in the KirchhoffHelmholtz theorem (5) is a representation of the field in V that is radiated by a 3D source Q lying in V Ќ . However, the derivation of the Helmholtz theorem makes no reference to the 3D source Q, and it is possible to interpret the boundary value (r 0 ) as being a doublet surface source ␤(r 0 ) and the normal derivative ‫‪n‬ץ/ץ(‬ 0 ) (r 0 ) as being a singlet surface source ␣(r 0 ) that together radiate the field within V according to the equation
This latter viewpoint makes no reference to the 3D source Q that generates the boundary value and its normal derivative but, rather, views these boundary values as actual physical sources that lie on the boundary ⌺ and radiate the field within the region V according to Eq. (6).
11
I will refer to the singlet and doublet pair ͕␣, ␤͖ together as a general ''surface source'' and to the individual components as the ''singlet and doublet components'' of the surface source. The choice ␣ ϭ ‫‪n‬ץ/ץ(‬ 0 ) and ␤ ϭ is only one possible set of components of a surface source, and it is clear from Eq. (6) than any arbitrary singlet and doublet pair will generate a field that satisfies the homogeneous Helmholtz equation in V and hence can be considered a legitimate pair of components of a (physical) surface source 11 that radiates into the region V. Indeed, it is clear from Eq. (6) that the field so constructed is not only defined and satisfies the homogeneous Helmholtz equation throughout V but is also defined and satisfies this equation throughout the complement region V Ќ so that a surface source will, in general, radiate into both regions V and V Ќ . Although it is easy to show that the field generated by an arbitrary surface source pair ␣, ␤ satisfies the homogeneous Helmholtz equation throughout both V and V Ќ , the limiting values of this field and its normal derivative taken from within these two regions onto the surface ⌺ are not so easily determined. Since I will have need for these results in the sequel, I state them here and refer the reader to Ref. 14 for the derivation. In particular, one finds that 
where the plus sign is used if the limit is taken from within V and the minus sign is used if the limit is taken from within V Ќ and where the subscript P denotes the use of the principal value of the integral defining the field in Eq. (6) .
The case where ␣ ϭ ‫‪n‬ץ/ץ(‬ 0 ) and ␤ ϭ is special, since these surface sources are actually generated by a 3D source located in V Ќ and hence can be regarded as being secondary surface sources, with the primary source being the 3D source Q. Secondary surface sources must satisfy the source extinction theorem (8) which is simply the conventional (field) extinction theorem of the Kirchhoff-Helmholtz theorem rewritten in terms of the surface sources rather than the field and its normal derivative on ⌺. By combining the source extinction theorem with the results in Eqs. (7), we find that the field radiated by a secondary source must satisfy the equations
where the limits are taken from V onto the surface ⌺. On the other hand, if the surface source is not a secondary source whose singlet and doublet components do not satisfy the source extinction theorem (8), then it is clear from Eqs. (7) that the limiting value of the field and its normal derivative will not be equal to the doublet and singlet components ␤ and ␣. 11 Because of this we can consider the set of Eqs. (9) as necessary and sufficient conditions for a surface source pair ͕␣, ␤͖ to be a secondary surface source.
Examples of nonsecondary surface sources arise in the generation of time-reversed ultrasound fields 13 and in the inverse source problem. 3 In these applications a 3D source Q located in the interior int ⌺ of a closed surface ⌺ radiates a field that, together with its normal derivative ‫‪n‬ץ/ץ(‬ 0 ), is measured everywhere on ⌺. A time-reversed (phase-conjugated) field is then radiated into the interior region through Eq. (6) by a surface source having the singlet and doublet components
where the asterisk stands for the complex conjugate. It is not difficult to show that the components of the above surface source cannot satisfy the source extinction theorem (8) and hence are not components of a secondary source. An interesting consequence of this is that the limiting values of the time-reversed field and its normal derivative within int ⌺ will not satisfy Eqs. (9).
NONRADIATING SURFACE SOURCES
A nonradiating 3D (volume) source 1 is defined to be a source that generates a field that vanishes identically at all space points lying outside its support region. I emphasize that the field generated by a nonradiating source vanishes outside its support and is not simply exponentially damped (i.e., evanescent) in this region. The field interior to the source does not, of course, vanish, except in the trivial case where the source itself vanishes. In the case of surface sources, this then leads to the following definition:
Definition 1 (nonradiating surface source). A surface source is nonradiating into a region V if it consists of a singlet and doublet pair ␣ V (r 0 ) and ␤ V (r 0 ) that together radiate a field according to Eq. (6) that vanishes identically at all points r V; i.e., the singlet and doublet components must satisfy the integral equation
A surface source is nonradiating into the region V Ќ if it satisfies the above conditions under the replacement of V with V Ќ ; i.e., a surface source is nonradiating into V Ќ if and only if
The nonradiating condition (10b) is seen to be identical to the source extinction theorem (8) . We can interpret this to mean that a secondary surface source pair ␣ and ␤ generated by a primary 3D source located in V Ќ and that radiates into the region V will be a nonradiating surface source relative to the region V Ќ . This result, as well as its converse-that any nonradiating surface source relative to V Ќ can be generated by a primary 3D source located in V Ќ , is formalized by the following equivalence theorem:
Theorem 1 (equivalence theorem). Let ␣ V and ␤ V be the singlet and doublet components of any secondary surface source that is generated by a primary 3D source contained in V Ќ and that radiates into the region V. Then these source components define a nonradiating source relative to the region V Ќ ; i.e., The fact that a secondary surface source generated by a primary 3D source in V Ќ is nonradiating into V Ќ is obvious from the source extinction theorem (8) and the definition (10b) of a nonradiating surface source relative to the region V Ќ . The converse statement that any nonradiating source into V Ќ is a secondary surface source radiating into V is just a bit more deep but is proven by the following argument. Let ͕␣ V Ќ, ␤ V Ќ͖ define a nonradiating surface source for the region V Ќ . Then this surface source generates the field within V according to Eq. (6) and satisfies the nonradiating condition (10b). However, because of the formal equivalence of the nonradiating condition (10b) to the source extinction theorem Eq. (8), the set of Eqs. (9) holds, which then proves the desired result.
I have called the above theorem an ''equivalence theorem'' because it establishes that secondary surface sources and nonradiating surface sources are, in a certain sense, equivalent to each other; i.e., a nonradiating source into a given space V Ќ is a secondary source into the complement space V, and vice versa. This theorem provides both an existence theorem for nonradiating surface sources as well as a prescription for generating such sources. For example, if an arbitrary 3D source is placed in the region V Ќ and its radiated field and normal derivative are measured over the surface ⌺, then the secondary source ␤ V ϭ , ␣ V ϭ ‫‪n‬ץ/ץ(‬ 0 ) will be nonradiating into V Ќ . In this way one can generate a countably infinite number of nonradiating sources for either closed finite regions interior to an arbitrary closed surface ⌺ or infinite regions exterior to such a surface. The equivalence theorem also states that any nonradiating surface source can be so constructed.
The existence of nontrivial nonradiating surface sources clearly invalidates the degrees-of-freedom argument presented in Section 1, which argued that a nonradiating source must have 3 spatial degrees of freedom to cancel the radiated field over all of 3D space lying outside its support region. A careful consideration of this argument indicates that it is flawed in that the field radiated by a compactly supported source outside the source's support volume has, in fact, only 2 degrees of freedom, corresponding to the boundary value of the field, or its normal derivative, over any closed surface surrounding the source. This fact opens the possibility of constructing a source distribution over this surface (having only 2 degrees of freedom) that generates a field that vanishes everywhere outside this surface; i.e., of concocting a nonradiating surface source.
NONRADIATING SECONDARY SOURCES
The definition of a nonradiating surface source requires only that the source generate no radiation through a specific region V or V Ќ and not through both regions simultaneously. The question then arises as to the possibility of having nontrivial surface sources that generate no radiation throughout both regions simultaneously, i.e., everywhere off their support surface ⌺. In fact, Theorem 1 precludes such sources from existing. In particular, this theorem establishes that any nonradiating source relative to a given region V Ќ is generated by a primary 3D source located in V Ќ and is thus a secondary source relative to the complement region V. The field radiated by this surface source must then satisfy the continuity equations (9) with the limits taken from V onto the surface ⌺. However, if the surface source is also nonradiating into V, then both the field and its normal derivative must, by definition, vanish throughout this region, so that both components of the nonradiating source must vanish.
The above result also proves that secondary sources that satisfy the source extinction theorem (8) throughout a region V Ќ cannot be nonradiating surface sources. Indeed, by Theorem 1, every secondary source that radiates into a given region V will be (automatically) nonradiating into the complement region V Ќ , so that if it generates no radiation throughout V, it is nonradiating in V as well as V Ќ and, by the above argument, must vanish identically. This conclusion explains the apparent contradiction between the results established here and the results of Friberg's paper. 7 In particular, as will be further discussed in Section 5, Friberg considered only the class of secondary sources ͕␣ V , ␤ V ͖ radiating into a region V and hence came to the same conclusion as that arrived at here: namely, that such sources cannot be nonradiating into this same region. However, it is clear from Theorem 1 that a countably infinite number of nontrivial surface sources do exist that will generate fields that vanish identically throughout any finite or infinite region of space. Indeed, it follows from Theorem 1 that any secondary source pair ␣ V and ␤ V resulting from a primary 3D source in V Ќ will be nonradiating in V Ќ . I will illustrate the (mathematical) construction of such sources for two simple surface geometries in Section 5.
EXAMPLES
In this section I apply the theory developed above to two special cases: (i) surface sources on spherical surfaces and (ii) surface sources on infinite plane surfaces.
A. Nonradiating Sources over a Sphere
I first consider the case of a singlet and doublet pair ␣ V and ␤ V defined on a spherical surface ⌺ ϭ ͕r 0 ͉r 0 ϭ ͉r 0 ͉ ϭ R 0 ͖ and radiating into the interior region V ϭ ͕r͉r ϭ ͉r͉ Ͻ R 0 ͖. The basic defining equation (10a) for a nonradiating surface source relative to the region V then assumes the form
where d⍀ is the differential solid angle and the integration is over 4 sr, corresponding to the surface of the sphere r 0 ϭ R 0 . For field points r Ͻ R 0 , we can employ the well-known expansion
where (r, , ) and (R 0 , 0 , 0 ) are the spherical polar coordinates of the field point r and the integration point r 0 . Here j l is the spherical Bessel function of order l, h l ϩ is the spherical Hankel function of the first kind also of order l, Y l m are the spherical harmonics, and the asterisk denotes the complex conjugate. Upon substituting the above expansion into Eq. (11), I obtain the result
and h l ϩЈ denotes the derivative of the spherical Hankel function. Equation (13a) can hold only if
which is the general requirement for a nonradiating surface source on a sphere that radiates into the sphere interior r Ͻ R 0 . The actual singlet and doublet components of the source are then given by the series expansions
where ͕␣ l,m , ␤ l,m ͖ are any solutions to the set of equations (14) . If we require that the singlet and doublet components ␣ V and ␤ V in the previous development be secondary sources radiating into V ϭ ͕r͉r ϭ ͉r͉ Ͻ R 0 ͖, then, besides satisfying the nonradiating condition (14) , they must also satisfy the source extinction theorem (8) . In this case the field point r is outside the sphere and the expansion of the Green's function is of the form given in Eq. (12) but with the arguments of the spherical Hankel and spherical Bessel functions exchanged. Using a procedure completely parallel to that employed in the derivation of Eq. (14), we then find that the extinction theorem requires that
for l ϭ 0,1,...,ϱ, m ϭ Ϫl,...,l.
The singlet and doublet components of a secondary nonradiating source on a sphere thus must satisfy the coupled set of equations (14) and (16). This set will have a nontrivial solution if and only if the determinant D of the coefficient matrix satisfies
which is not possible, since D is recognized as being the Wronskian relation for j l (kR 0 ) and h l ϩ (kR 0 ), which is equal to D ϭ i/R 0 2 0. 12 Thus, as shown in general in Section 4, nontrivial secondary sources ␣ V and ␤ V that are nonradiating in V do not exist. In this example I have considered a surface source on the sphere that is nonradiating into the interior region r Ͻ R 0 . However, the case where V is the exterior region r Ͼ R 0 is similarly treated and, in particular, yields Eq. (16) as the condition of nonradiation into the exterior region.
B. Nonradiating Sources over an Infinite Plane
I now turn to the case examined by Friberg 7 of a source concentrated on an infinite plane surface. This case is obtained by letting the surface ⌺ degenerate to an infinite plane and taking V to be the infinite half-space bounded by this plane and a hemisphere at infinity over which the Sommerfeld radiation condition is required to hold. I employ a Cartesian coordinate system with coordinates x, y, z, where z ϭ 0 denotes the plane surface ⌺ over which the source is localized and positive z is directed into the half-space V into which the surface source radiates. Our goal is to devise singlet and doublet source components ␣ V and ␤ V over ⌺ that generate no radiation in V.
I will employ the so-called Weyl expansion [7] [8] [9] of the outgoing wave Green's function:
where K ϭ (K x , K y ), ϭ (x, y) denotes the position on the x, y plane, and 
where that nonradiating planar surface sources do not exist. In his work Friberg restricted his attention to the special case of secondary sources that satisfied the extinction theorem throughout one of the two regions bounded by an infinite plane ⌺ and hence, by the above result, cannot be nonradiating into the complement region. A detailed treatment of the class of planar sources considered by Friberg as well as the class of surface sources on a spherical surface was presented and used to illustrate the theoretical discussion presented in the paper.
There exist a number of potential applications of the research reported here. The most obvious use is in connection with the inverse-source problem for surface sources, where the goal is to reconstruct a general surface source from radiated field data. Nonradiating 3D sources play a key role in the inverse-source problem for 3D sources, 3, 4 and it is fully expected that the nonradiating surface sources will play an equally important role in the inverse problem for surface sources. A similar situation should also occur for the inverse-scattering problem from physical boundaries. In particular, the class of nonradiating 3D sources has been generalized to nonscattering 3D scatterers, 5 which have been found to play a key role in the 3D inverse-scattering problem. 5, 6 The theory of surface nonradiating sources developed here can probably be extended to apply to surface structures that do not scatter incident radiation and hence can be expected to play an important role in the inverse surface scattering problem. 15 Another potential application of nonradiating surface sources occurs in applications where it is desired to radiate a field by using a surface source having only a singlet or doublet component but not both. An example of this occurs in experimental time reversal, 13 where the singlet and doublet components of a surface source are prespecified but the physical transducers used to radiate the field correspond to a singlet or doublet source. In this case a nonradiating component can be added to the prespecified surface source to yield a new surface source that radiates the same field as that from the original source but has only a singlet or doublet component. Variations of this theme are also possible, such as the use of nonradiating surface currents to modify in some beneficial way prespecified antenna surface currents that generate a prescribed radiation pattern.
